The Ray-Singer [16] character formula log R X (ρ) = 1 2 m k=0 (−1) k+1 k tr (log ∆ c k ) (0.1) for computing the Reidemeister torsion R X (ρ) of a closed acyclic Riemannian manifold X with flat vector bundle E ρ → X poses the question of whether (0.1) may define analogous generalised torsion invariants for other elliptic complexes. Here, E ρ is specified by an orthogonal representation ρ :
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The Ray-Singer [16] character formula log R X (ρ) = 1 2 m k=0 (−1) k+1 k tr (log ∆ c k ) (0.1)
for computing the Reidemeister torsion R X (ρ) of a closed acyclic Riemannian manifold X with flat vector bundle E ρ → X poses the question of whether (0.1) may define analogous generalised torsion invariants for other elliptic complexes. Here, E ρ is specified by an orthogonal representation ρ : π 1 (X) → O(n) and ∆ c k := δ k−1 δ * k−1 + δ * k δ k is the combinatorial Laplacian associated to the acyclic p-chain complex δ k : C k ( X) ⊗ Rπ 1 (X) R n → C k−1 ( X) ⊗ Rπ 1 (X) R n over the universal cover X, with logarithm operator
where the complex power (∆ c k ) z of the (strictly positive invertible finite-rank real) matrix ∆ c k is defined canonically via holomorphic functional calculus.
Based on (0.1), Ray and Singer [16] defined the generalised torsion log T ζ,k X (ρ) :=
→ · · · with log ∆ k the logarithm of the Hodge Laplacian
defined as the derivative of the complex power ∆ z k , similarly to (0.2), and with TR ζ the quasitrace extension of the classical trace obtained by zeta function regularization. Analytic torsion log T ζ,k X (ρ) is trivial for even-dimensional X and in odd dimensions is a topological invariant if the cohomology with coefficients in E ρ is trivial (acyclic) [16] . The general equality T ζ,k X (ρ) = R X (ρ) was proved by Cheeger [2] and by Muller [12] . In this note we examine the generalised torsion log T res,k X (ρ) := 1 2 m k=0 (−1) k+1 k res(log ∆ k ) (0.5) of the de Rham complex defined using the residue trace res. Residue torsion (0.5) is roughly complementary to analytic torsion (0.3) -it is trivial in odd dimensions while in even dimensions it is a topological (in fact, homotopy) invariant which can be non-zero only if the cohomology with coefficients in E ρ is non-trivial (non acyclic). This is consistent with the residue trace being roughly complementary to the classical (zeta) trace. Residue trace invariants are relatively elementary, depending locally on only finitely many terms in the symbol expansion of a pseudodifferential operator, whilst the classical trace, and hence the zeta trace, is globally determined. The residue torsion is thus a far simpler invariant than the subtle and difficult to compute analytic (Reidemeister) torsion, and this is seen in the following exact identifications.
Theorem 0.1. Let X be a closed manifold of dimension n. Let β = (β 0 , . . . , β n ) ∈ R n+1 . The generalised torsions
are non-trivial topological invariants if, up to a constant multiple, β k = 1 for each k or if β k = k for each k. Writing β = 1 and β = k for these respective cases, one has [16] , [2] , [12] = log R X (ρ).
Included for completeness, (0.7) is the Ray-Singer-Cheeger-Muller theorem [16] , [2] , [12] -in particular, analytic/Reidemeister torsion is zero if X is even dimensional [11] , [16] .
Residue torsion is zero if X is odd-dimensional. If X even-dimensional log T res,k X (ρ) equates to the derived Euler characteristic
which coincides with the right-hand side of (0.9) and plays a part in Bismut and Lott's higher analytic torsion formulae [1] . This does not quite account for all possible tracial analytic torsions, insofar as any trace (proper -not a quasi-trace) on logarithm operators is a linear combination of the residue trace and a leading symbol trace [14] extended from the algebra of classical ψdos of order 0 or less, defined by Tr u 0 (A) = u tr x (a 0 (x, ξ) |S * X ) where a 0 is the order zero symbol of A and u ∈ D ′ (S * X) is a distribution on the cosphere bundle S * X on Riemannian (X, g). However, the resulting leading-trace torsions defined as sums over logdeterminants Tr u 0 (log ∆ k ) all vanish -for, the leading symbol of ∆ k is the identity operator I S * X over the cosphere bundle defined by the metric and so its functional calculus logarithm, the leading symbol of log ∆ k , is either identically zero there, or, for non-standard choices of spectral cut, an integer multiple of 2πi · I S * X , which has zero residue trace.
The identifications of Theorem 0.1 concretise well known informal analogies between the properties of Euler characteristics and those of Reidemeister/analytic torsion, in particular for pasting formulae with respect to partitioning the manifold X.
Residue torsion extends readily to manifolds with boundary:
Theorem 0.2. Let X be a compact n-manifold with boundary Y . Let B be either relative (R) or absolute (A) boundary conditions for the Laplacian on X. The analytic torsion log T ζ,β X,B (ρ) and residue torsion log T res,β X,B (ρ) are topological invariants for β = 1 and β = k and one has log T ζ,1 X,B (ρ) = 0 (0.10) log T ζ,k X,B (ρ) [23] = log R X,B (ρ)
where χ B and χ ′ B are the ordinary and derived Euler characteristics for B. Exact pasting formulae for the residue torsions hold for a partitioned compact manifold with boundary into codimension zero submanifolds with boundary.
Included again for completeness, (0.11) is Vishik's extension of the the Ray-Singer-Cheeger-Muller theorem to manifolds with boundary.
Proof of Theorem 0.1
For the Laplacian ∆ k : Ω k (X, E ρ ) → Ω k (X, E ρ ) the holomorphic functional calculus constructs the complex powers ∆ z k , z ∈ C [20] , and hence the pseudodifferential logarithm operator [7, 10, 13] 
over a contour C in C\ R − going around positively the non-zero eigenvalues of ∆ k . The operator
the parameter quasi-polyhomogeneous expansion of the symbol of the resolvent (∆ k − λ) −1 for λ in a closed contour C 0 enclosing the origin. It follows that (log σ) −j (x, ξ) is homogeneous of degree −j in |ξ| ≥ 1 for j ≥ 1, and has leading symbol (log σ) 0 (x, ξ) = 2 log 0 |ξ| + log 0
where log 0 is the principal branch of the complex logarithm. The second summand of (log σ) 0 (x, ξ) is homogeneous of degree zero, and hence log ∆ k is a 'logarithmic ψdo', in the sense of [13] with a well-defined residue trace character
1.1 log T res X,β (ρ) and log T ζ X,β (ρ) are independent of the Riemannian metric if β equals 1 := (1, . . . , 1) or k := (0, 1, . . . , n).
Let u ∈ R → g X (u) be a smooth path of metrics, defining smooth paths of Hodge operators * and Laplacians ∆ k = ∆ k (u) on k forms. It is easy to see that, in view of the ellipticity of the Laplacian, 
Hence res(P k∆ k ) is equal to
.
The following identities hold, the first two exactly, and the second two modulo Ψ −∞
is an order zero multiplication operator. Hence 
By integration by parts, (ii) becomes s The proof is to show that log ∆ p is 'odd class' ('even-even') [10, 13, 7] . We have
for r(x, ξ, λ) ∼ j≥0 r −m−j (x, ξ, λ) the quasi-polyhomogeneous expansion of the symbol of the resolvent (∆ p − λ) −1 for λ in a closed contour C 0 enclosing the origin. As (∆ p − λ) −1 has scalar-valued leading symbol r −2 (x, ξ, λ) = (|ξ| 2 g(x) − λ) −1 the resolvent symbol formula over U ⊂ X is of the form
is a finite product of derivatives (in x and ξ) of traces of the matrix-valued symbol components of ∆ p in the local trivialization over U , and is therefore polynomial in ξ and independent of λ, and so an odd function of ξ of degree 2k − n,
For the first equality one uses
1.3 Proof of (0.6), (0.8), and (0.9).
Let n = dim X. Let ζ k,ρ (s) = Tr (∆ s k ) of the Laplacian ∆ k : Ω k (X, E ρ ) → Ω k (X, E ρ ). For each k = 0, . . . , n, ∆ k and ∆ n−k are isospectral, since * k ∆ k = ∆ n−k * k . Therefore we obtain the Poincaré Duality property Consider
Hence
χ ′ (X, E ρ ) thus does not provide new information if dim X is even, but it may when dim X is odd -in general, the j th derived Euler characteristic χ j (X, E ρ ) is the first nontrivial homotopy invariant when χ k (X, E ρ ) vanish for each k < j [15] . Let n = dim X be even. Then log T res,1
using the Hodge theorem for the third equality, and the index theorem for the fourth. Similarly, if β = k, then using (1.9) and (1.12)
Notice that from (1.8) we have n k=0 (−1) k ζ ′ k,ρ (0) = 0, and hence (0.6) follows.
Proof of Theorem 0.2
When X is an n-dimensional smooth manifold with non-empty boundary Y , we assume it embedded into a closed n-dimensional manifold X and with a product structure on a collar neighbourhood U ∼ = [0, c) × Y . Thus, we have an orthogonal decomposition of smooth k-forms
which yields the orthogonal projections ( [17] )
as the space of boundary restrictions of smooth k-forms. Since Green's formula yields ((2.8), [3] ): The holomorphic family
over a contour C in C\ R − positively around the non-zero eigenvalues of ∆ k,B , was defined by Seeley [21] , [22] , and is trace class for Re(s) > n/2 [21] , while a logarithm log ∆ k,B := lim
was defined by Grubb and Gaarde ((2.5) in [5] ). (2.2) equals (log ∆ k ) + + G log , where (log ∆ k ) + is the restriction to X of the (classical) logarithm of the Laplacian on k-forms on X and G log is a singular Green operator. The local symbol of (log ∆ k ) + is analogous to (1.2), while G log has symbol-kernel of quasi-homogeneous terms satisfying part of the usual estimates for singular Green operators (Theorem 2.4, [5] ).
As for the closed case, Similarly, log T ζ,1 X,B (ρ) :
). log ∆ k,B belongs to the Boutet the Monvel calculus [5] . There, the residue trace has been extended by work of Fedosov, Golse, Leichtnam, and Schrohe [4] and is the unique trace. Hence, we have a well-defined res(log ∆ k,B ), which we can use to define a (generalized) residue analytic torsion of X with either relative or absolute boundary conditions log T res,β X,B (ρ) = 2.1 log T res,β X,B (ρ) is independent of the Riemannian metric if β equals 1 := (1, . . . , 1) or k := (0, 1, . . . , n).
Similarly to the boundaryless case, from [7] we have that Let u ∈ [0, 1] → g X (u) be a smooth path of metrics for which the normal direction to the boundary Y is the same and consider d du log T res,β X,B (ρ). Since ker(∆ k,B ) is isomorphic to relative/absolute de Rham cohomology, it is independent of the metric (see for instance the proof of Proposition 6.4, [16] , or (2.5) in [23] ) and the derivative reduces to Thus, setting θ k := Tr(αδde −t∆ k,B ) and ϕ k := Tr(αdδe −t∆ k,B ), we obtain
and hence, by manipulating as in the closed manifold case and integrating by parts,
By (1.14) in [8] 
Since α k is the usual multiplication operator, res(α k ) = 0 and the right hand side vanishes if β k+1 − 2β k + β k−1 = 0.
2.2 Proof of (0.10), (0.12), (0.13), and (0.14), and pasting formulae.
Since * R = A * , we have Therefore
λ −s g k,R (λ). * R = A * yields F k,R (λ) ∼ = G n−k,A (λ) and therefore f k,R (λ) = g n−k,A (λ), which proves (2.5). Thus, in conclusion n k=0 which proves (0.10).
Consider the absolute and relative Euler and derived Euler characteristics
As ker(∆ k, Finally, as n k=0 (−1) k k ζ k,B (0) + dim ker(∆ k,B ) was shown to equal 1 2 dim(X) χ B (X, E ρ ) in [23] (Proposition 2.23), we have (0.14) and therefore (0.9) generalises to the boundary case for absolute/relative boundary conditions. We remark that, unlike for even dimensional closed manifolds, n k=0 (−1) k kζ k,R (s) need not vanish in general. For example, let X = [0, R], where the eigenvalue problem for ∆ 0 = −∂ 2
x with relative boundary conditions is the well-known harmonic oscillator with Dirichlet boundary conditions, whose eigenvalues are λ = n 2 π 2 R 2 , n ∈ N. Hence, for ζ R (s) the Riemann zeta function, ζ 0,R (s) = 2 R 2s π 2s ∞ n=1 n −2s = 2 R 2s π 2s ζ R (2s).
Consequently, 
